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Unified Smooth Vector Graphics: Modeling Gradient
Meshes and Curve-based Approaches Jointly as
Poisson Problem

Xingze Tian and Tobias Giinther

Abstract—Research on smooth vector graphics is separated
into two independent research threads: one on interpolation-
based gradient meshes and the other on diffusion-based curve
formulations. With this paper, we propose a mathematical formu-
lation that unifies gradient meshes and curve-based approaches
as solution to a Poisson problem. To combine these two well-
known representations, we first generate a non-overlapping
intermediate patch representation that specifies for each patch a
target Laplacian and boundary conditions. Unifying the treatment
of boundary conditions adds further artistic degrees of freedoms to
the existing formulations, such as Neumann conditions on diffusion
curves. To synthesize a raster image for a given output resolution,
we then rasterize boundary conditions and Laplacians for the
respective patches and compute the final image as solution to a
Poisson problem. We evaluate the method on various test scenes
containing gradient meshes and curve-based primitives. Since
our mathematical formulation works with established smooth
vector graphics primitives on the front-end, it is compatible with
existing content creation pipelines and with established editing
tools. Rather than continuing two separate research paths, we
hope that a unification of the formulations will lead to new
rasterization and vectorization tools in the future that utilize the
strengths of both approaches.

Index Terms—vector graphics, diffusion curve, gradient mesh

I. INTRODUCTION

The field of smooth vector graphics describes image content
based on geometric primitives, such as curves or meshes. This
is in contrast to raster graphics, which store the color of
each pixel explicitly. Smooth vector graphics are a popular
tool for the modeling of scale-independent content, such
as icons, schematic illustrations, or web content [20]], since
images can be synthesized on any output resolution. Basic
vector graphics primitives are standardized in the SVG format,
which includes the most basic shapes and color gradients. In
research, two conceptually different approaches have been
developed to extend the artistic control in smoothly-shaded
regions. On the one hand, there are gradient meshes [27],
[50], which interpolate colors from tensor product surfaces
efficiently. And on the other hand, there are curve-based
approaches such as diffusion curves [24]], [38] and Poisson
curves [19] that model the final image as solution to a diffusion
problem from user-defined boundary conditions, e.g., curve
colors. Both approaches remained incompatible, and research
on editing, rasterization, and vectorization, has continued
separately on the two research threads [55]]. With this paper,
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we propose a mathematical formulation that allows combining
gradient meshes and curve-based approaches consistently for
the first time. Fig. |1| gives an example, where gradient meshes
are combined with diffusion curves and Poisson curves. To
maximize the compatibility with existing methods we take a
set of gradient meshes, diffusion curves, and Poisson curves as
input, which are well-known primitives that the user interacts
with on the front-end. To unify the modeling, we convert those
representations first into an intermediate patch representation
that specifies for each patch a target Laplacian function and
boundary conditions. This intermediate representation is not
visible on the user interface and is only used internally to
assemble the Poisson problems. We propose to model the
pixel color within gradient meshes as solution to a partial
differential equation (PDE) in order to match their mathematical
treatment with that of curve-based methods. In the conversion
process to our patch representation, geometric intersections
of gradient meshes and curves get resolved automatically to
yield a non-overlapping domain decomposition. In our new
formulation, additional types of boundary conditions are added
to the existing primitives, which extends the artistic freedom.
For example, Neumann conditions can be specified on diffusion
curves, as in Bang et al. [2[]. To synthesize a raster image for
a given output resolution, we rasterize boundary conditions
and Laplacians for the respective patches and compute the
final image as solution to a Poisson problem. We evaluate the
method on various test scenes containing gradient meshes and
curve-based primitives. In summary, our contributions are:

o We propose a unified mathematical formulation of gradient
meshes and curve-based methods as a Poisson problem.

o We unify the treatment of boundary conditions, which
adds (optional) degrees of freedom for artistic control.

e We introduce an automatic conversion algorithm that
divides the input primitives into non-overlapping patches.

o We describe a rasterization algorithm for the novel patch
formulation that synthesizes images for a given resolution.

o We provide an open source implementation that reads the
scenes, constructs the patches, and renders them.

o We compare the unified scenes with vectorizations using
gradient meshes only, and using diffusion curves only.

For the first time, our approach enables the unified mathematical
treatment of gradient meshes and curve-based methods, which
have been developed independently for over a decade. Since
we take existing gradient mesh and curve formulations as
input, our approach achieves high compatibility with existing
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(a) input meshes (b) input curves

(c) undirected edge graph

(d) unified patch representation

(e) final synthesized image

Fig. 1. In this paper, we present an algorithm that unifies the image synthesis of smooth vector graphics containing, gradient meshes, diffusion curves, and
Poisson curves in the same scene. Given a set of gradient meshes (a) and diffusion and Poisson curves (b), we first resolve the geometric intersections by
forming an undirected edge graph (c), from which a unified patch representation is constructed that divides the domain into separate regions with well-defined
Dirichlet and/or Neumann boundary conditions (d). Lastly, the image can be computed with an off-the-shelf Poisson solver (e).

(a) Input primitives (b) Mesh-based only (c) Curve-based only

(4) Patches (ours)

Fig. 2. This figure shows the benefits of combining gradient meshes with
diffusion curves. Gradient meshes are useful for controlling large multi-hue
color gradients (the sky), while curve-based methods can add details (the Sun).
From left to right, we show the input primitives (gradient meshes and diffusion
curves) (a), the result of only rasterizing the gradient meshes (b), the result of
only diffusing diffusion curves (c), and lastly our combined representation that
contains both (d). Note that the sun diffuses into the sky, mimicking scattering.

content creation pipelines. Further, the final algorithm leads
to a standard Poisson problem, for which highly optimized
numerical solvers readily exist. The benefits of combining
gradient meshes and curve-based formulations in the same
scene are shown in Fig. 2] While curve-based approaches are
useful to create intricate details, it is easier to create larger color
gradients with mesh-based approaches [55]]. By combining both
methods, we are able to generate expressive results that are
difficult to obtain with either representation on its own.

In the following section, we first introduce into the necessary
background on curve modeling before covering related work
on gradient meshes and curve-based formulations. Afterwards,
we introduce our unified mathematical description, which is
followed by our introduction of the automatic conversion

algorithm from standard primitives into our patch formulation.

Then, we describe the image synthesis process, user interactions,

and lastly we evaluate the approach on numerous scenes,

containing both gradient meshes and curve representations.
II. BACKGROUND

In this section, we formally introduce the notation used to

describe mesh-based and curve-based vector graphics primitives.

For a detailed coverage, we refer to a recent survey [55]].

A. Bézier Curves

In this paper, we denote Bézier curves of degree n as
parametric curves (t) : [0;1] ¥ R™ in m-dimensional space:

"da ot

(= BIY b; with B'(t) =

i=0

where B{'(t) are the Bernstein basis functions, and b; 2 R™
are the Bézier control points. The curve tangent is denoted
by _(t) = %. A cubic Bézier curve (n = 3) in a two-
dimensional plane (m = 2) has four control points bg, b1, ba,
and bz, and has by convention a right-oriented curve normal

n():[0;1] ¥ R?%:
o 1 _( .

n"O= 1 0 Kok

Thus, given the control points bg, b1, b2, b3, the curve point

(t), tangent _(t), and normal (t) can be evaluated for each
t. Multiple Bézier curves can be concatenated with suitable
continuity conditions to assemble a Bézier-spline curve [12].

@

B. Mesh-based Methods

Mesh-based vector graphics primitives specify color gradi-
ents inside connected regions by using interpolation. Depending
on the mesh topology, they are categorized into triangular,
rectangular, and irregular meshes. Our work focuses on
rectangular meshes.

a) Rectangular Mesh: By generalization of the Bézier
curves in Eq. (I), a Bézier tensor-product surface f(u;Vv) :
[0;1]> ¥ R™M is

f(u;v) = Bi"(u) Bj?(v) fij: 3)
i=0 j=0

Later, we use the symbol @,fi;; = @féﬂ;v)‘u_u_.v_\,_ to
=uiv=v;

abbreviate the evaluation of a derivative at a discrete location.
Each tensor-product surface is bound by four Bézier curves
T(u;0), f(u;1), £(0;v) and f(1;v) with u;v 2 [0; 1].

Price and Barret used bi-cubic surfaces, which have a
degree of n; = ny = 3. The direct editing of its 16 control

tensor-product surface can be expressed as a Ferguson patch,
cf. Sun et al. [50]:

fluv) =t CT Q C t(v) @)

with the monomial basis t(St) = (1;t;t%;t%)T and the matrices:
10 32 foo  Toz  @ufoo  @vfos
c=Boo 3 2§.Q= fao  faz Ofso O Fss
01 2 14 @ufO;O @uf0;3 @u@va;O @u@vf0;3

00 11 @ufB;O @uf3;3 @u@va;O @u@vf3;3



IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. X, NO. X, MONTH YEAR 3

smoothly shaded region. The color eld of the shaded region
c(x) is as smooth as possible and meets the boundary color
g(x), as speci ed by the colors on the left and right hand side
of the diffusion CU{Ve.

c(x)=0; X2 n@
c(x)=g(x); x2@

(a) Gradient Mesh (b) Diffusion Curve () Paisson curve  Follow-up research on rendering [2], [39], [51], vectoriza-

Fig. 3. Overview of the three mesh and curve primitives that are used in diPn [33], [67] and editing [26], [32] utilized this formulation.

framework. Gradient meshes (a) are assembled from Ferguson patches, wiiohprovide more control over the color gradients, Bezerra et

contain smooth color gradients and are controlled by colors at the corners ayd [4] controlled the strength and direction of the diffusion
tangent handles. Diffusion curves (b) de ne a color on the left and right side,” ’

typically by piecewise linear interpolation among color stops. Poisson curv&temaﬂvelya Sun et al. [52] introduced textures in diffusion
(c) allow for the modeling of cusps and highlights by locally adjusting theurves. Several renderers have been proposed by now that
Laplacian of the underlying color eld. are able to rasterize diffusion curves, including ray tracing
approaches [5], [40], Monte Carlo methods [9], [30], [34],
To simplify the modeling, the mixed partial derivatives ar&°l: [43], [44], [48], [49], and boundary element methods [2],
commonly set to zero, i.e@@f; =0, and thus, a function [8], [21]. Lately, Monte Carlo methods have been phrased in
f (u;v) can be controlled by the user by specifying the valués differentiable manner, which is useful for inverse problems
fi; and the tangent handle@f;; and @f;; at the four SUCh as vectorizations [35], [64], [65].
cornersi:j 2 f0;3g, see Figa. Agradient mesttonsists b) Poisson CurvesBy |ntroducmg!30|ss'on vector graph-
of multiple Ferguson patches that are stitched together wifi: Hou et al. [19] edited the gradient in the ‘?'Of"_a'” by
suitable continuity condition. The functiorigu; v) that are ntroducing a desired (piecewise-constant) Lapladigq):

c(x) =

(%)

modeled by the gradient mesh are the positi¢o; v) and the c(x)= f(x); x2 n@
color c(u; v). Thus, the degrees of freedom arg , c;; and c(x) = x)= g(x); x2 @ ©)
the tangent handle@x;; , @ci; and@x;j , @c;; at the four c(x) = g(x);

corners(i;j ) 2 f (0;0); (0; 3); (3; 0); (3; 3)g. To model holes in Thus, rather than looking for the smoothest possible color gradi-
surfaces, Lai et al| [27] proposed to split gradient meshes aloggt (viaf (x) = 0), bumps and discontinuities can be introduced
discontinuities. Barendrecht et &l [3] enabled local re neme the color gradient, which are controlled locally by the user
of cubic rectangular patches. Baksteen et al. [1] tted me$ly drawing curve and region primitives, see Fig. 3c. Non-
colors [66] for colorization of gradient meshes. In line witltonstant Laplacians in Poisson regions have been described
many other papers [56], [58], [61], [62], we likewise base oWy raster images, and were utilized for color transfer between
description of gradient meshes on Sun et al. [50], see(#)q. images [14] and for image vectorization [15]. Alternatively,

b) Triangular and Irregular MeshesAs an alternative Finch et al. [13] proposed to constrain high-order derivatives,
to rectangular meshes, triangle-based patches have beers@xing solutions that are harmonic in their Laplacian domain,
plored, where the patch boundaries are straight [28] or curvgd., 2c¢(x) = 0. With this formulation, extrapolation may
edges [57], [59], [60]. Control over the continuity acrosgreate new extrema at unconstrained positions [6], [13], which
adjacent patches is desirable [31], [68]. To this end, quadratisquires manual adjustment of control points [13] or a non-
triangle con guration B-splines (TCBs) [7], [45] have been uselinear optimization [23]. Further, the diffused color range is tied
by Zhu et al. [69] to model color variations while stayi@} to the scene geometry, which may lead to oversaturation [24]
continuous. An example for irregular patches are the polygonghen scaling objects. In our work, we concentrate on the
patches of Swaminarayan and Prasad [53], who used consRoisson formulation in Eq6), which includes the diffusion
colors in the interior. With the introduction oféigons [63] curves in Eq.(5) as special case. Poisson vector graphics [19]
closed regions have been bounded tBziBr curves. For color have led to a new line of work on the control over color
interpolation in the interior, several options are available [1@radients within smooth vector graphics. In this paper, we seek
[18], including cubic mean value coordinates [29]. Since utilize the well-established gradient meshes [50], which so
the methods above use differentiable interpolants, they de have not been incorporated into this framework.
compatible with our approach.

[1l. M ETHOD OVERVIEW

C. Curve-based Methods Our goal is to synthesize raster images for vector graphics
With curve-based methods, color gradients are the result o$@enes that contain mesh-based and curve-based primitives at
diffusion process from colors given at the domain boundari¢ise same time. Usually, mesh-based and curve-based methods
a) Diffusion Curves:Originally, diffusion curves [38] are are rasterized in fundamentally different ways. While mesh-
Bézier curves (t) with a piecewise linear color on the left andbased approaches usgerpolation curve-based methods solve
right side, i.e..c((t) andc, (t). The colors serve as Dirichleta Poisson problemTo model both approaches consistently, we
boundary conditions in a diffusion process that produces smoatbscribe the mesh-based approaches as solution to a Poisson
color gradients, see Fig. 3b. The reformulation of Jeschkegbblem that is identical to interpolation in the absence of
al. [25] treats diffusion curves as domain bounda@sof a any curve-based primitives. A user of our system may decide
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(a) Input Primitives (b) Edge Graph (c) Uni ed Patches (d) Image Synthesis

Fig. 4. Schematic overview of our generalized smooth vector graphics pipeline. (a) Input to our method is a collection of (extended) gradient meshes,
(extended) diffusion curves, and Poisson curves. (b) The input primitives are converted and inserted into an edge graph that resolves the intersection of input
primitives. (c) From the edge graph a uni ed patch data structure is formed that de nes patches as closed regions with boundary conditions according to the
underlying input primitives. (d) The uni ed patch data structure speci es the ingredients for a Poisson problem that is solved to synthesize the nal image.

to draw curve-based primitives that intersect each other or
intersect with mesh-based primitives. To formulate the Poisson
problem, the scene is decomposed into non-overlapping regions
for which boundary conditions are de ned and for which a
Laplacian is determined that controls the color gradient in
the interior. We formulate the rasterization of smooth vector
graphics as a pipeline consisting of multiple steps, see Fig. 4.
1) Input Primitives.Input to our method are standard smooth
V?Cto-r graphics primitivgs, such as grgdient meSh%iS' 5. Input boundary curves consist of a spatial curye) and boundary
dIﬁUSIOn curves, and Poisson curves, WhICh are Creat@(ﬂ{ditions on the left and right side, which may either be a Dirichlet boundary
and edited by the user. We extend gradient meshes anflditionBP (shown as colored line with control points) or a homogeneous
diffusion curves by allowing the user to specify Dirichlef\eumann boundary conditioB" (shown as a dashed line).
conditions and homogeneous Neumann conditions on
either side.
2) Edge GraphBoth the extended gradient meshes and the -
extended diffusion curves are inserted into an undirected 2 left bgundary conditior L
edge graph data structure [16], which records and resolves and fa right poundary cpnd|t|oBr. o
all intersections of boundary curves. The spatlalllocatlt.)n of the input boundary curve is given by
3) Unied Patches. By traversing the edge graph, we? cubic Eezier splinex(t) : R1'U , whereU R? denotes
de ne closed, non-overlapping regions that have coll® image domain. The curve parameter rang2 [to; 1]
sistent boundary conditions. The interior of each pat@§ nes theorientationof the curve. We requirey <t 1, where
is equipped with a Laplacian function that is eithef® Curve begins &b and ends at,. This gives rise to the
homogeneous, or sampled from a gradient mesh anghgtion of aleft S|de_ and aight side of the curve. E_a_ch |_nput
multiple Poisson curves. boundary curve will later de ne a poundary condition in the
4) Image SynthesisSiven the patches with their boundary®d ¢(x) : U ! C, whereC R® is the color space. The

conditions, we solve the Poisson problem for each pata%undary condition is either a Dirichlet boundary condition
with an off-the-shelf Poisson solver. B® with color c(t) or a homogeneous Neumann boundary

with boundary normakp (t), cf. Eq. (2):

the spatial curvex(t),

ition BN
A C++ reference implementation of our method can be fourﬁ?”d't'oﬂB

at [54]. In the following, the four steps are explained in more _ - .
det[ail.] 9 P P BP = nc(x)szx(t) = c(t) Dirichlet with c(t)  (7)
N -  @(x) —
V. INPUT PRIMITIVES B = & ix=x Xn(t) =0 homogen. Neumann(s)

Input to our approach is a collection of extended gradieRbr notational convenience, we name th# boundary con-
meshesG, a collection of extended diffusion curvé&s and dition B, 2 fB P;BNg and theright boundary condition
a collection of Poisson curveB. Those three types of B, 2 fB P ;BN g. Adding inhomogeneous Neumann conditions
input primitives are drawn by the user and can be editebuld be a straightforward extension that would, however, add
and controlled by manipulation of control points, tangertirther complexity to the user interface.
handles, and color stops, identical to the editing processes a) Extended Gradient MeshA gradient mesh that con-
of conventional diffusion curves, gradient meshes, and Poissgists of a single Ferguson patch as in &), with position
curves [55]. In the following, we explain how the primitivesx (u;v) and colorc(u; V), gives rise to four clock-wise oriented
are de ned and how they are extended in our framework. boundary curves with positions(t) 2 fx(1;1 t);x(1

N t; 0);x(0; t); x(t; 1)g. Using the clock-wise orientation of the
A. De nition boundary curves, we set thight boundary conditions (i.e., the

First, we introduce arinput boundary curvewhich is a inside of the gradient mesh) to a Dirichlet conditiBpn = BP

triplet (x(t); B;; B;), as shown in Fig. 5. It consists of: by using the corresponding colocét) 2 f c(1;1 t);c(1
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