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Abstract—Trajectory data consisting of a low number of smooth
parametric curves are standard data sets in visualization. For a
visual analysis, not only the behavior of the individual trajectories
is of interest but also the relation of the trajectories to each other.
Moving objects represented by the trajectories may rotate around
each other or around a moving center. We present an approach
to compute and visually analyze such rotational behavior in
an objective way. We introduce trajectory vorticity (TRV), a
measure of rotational behavior of a low number of trajectories.
We show that it is objective and that it can be introduced in two
independent ways: by approaches for unsteadiness minimization
and by considering the relative spin tensor. We compare TRV
against single-trajectory methods and apply it to a number of
constructed and real trajectory data sets, including drifting buoys
in the Atlantic, midge swarm tracking data, pedestrian tracking
data, pigeon flocks, and a simulated vortex street.

Trajectory data is a standard type of data to be analyzed in
visualization. Trajectory data describing the dynamic behavior
of moving objects consists of a finite number of 2D or 3D
parametric curves where the parameter is usually the time
of observation. Trajectory data arises in many application
areas. In flow observations, moving objects are tracked over
time by sensors, e.g., observational drifters [30] or balloons.
In fluid flows, moving objects are observed by particle
tracking velocimetry. To observe animal behavior, animals
are either equipped with sensors, or their trajectories are
observed by optical methods. Examples are trajectories of insect
swarms [45] and bird flocks [41]. Trajectories of humans are
extracted from crowd simulations or observations [LL1], [44]].
In swarm simulations, individual agents can be tracked. Since
moving objects may interact with each other or follow common
underlying patterns, a visual analysis should not only focus on
representing the paths of individual objects but also show the
relation or a common behavior of multiple objects. In general,
two kinds of common behavior of moving objects are possible:
(1) Hyperbolic (stretching) behavior: the objects may attract or
repel each other, or may get attracted or repelled by a common
center. In addition, a saddle-like behavior of simultaneous
attraction and repelling is possible. (2) Elliptic (rotational)
behavior: the objects may rotate around each other or around
a (possibly unknown) rotation center/axis. In this paper, we
present an approach to visually analyze the rotational behavior
of moving objects. We introduce Trajectory Vorticity (TRV),
the first approach to visually analyze rotational behavior of
trajectories in an objective way. Given a (finite and potentially
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low) number of trajectories, TRV is a Lagrangian measure
indicating whether, and to which degree, objects rotate around
each other or a common center.

For TRV, we require objectivity, i.e., independence from the
observation frame. While objectivity is a common and obvious
demand, it is in fact a rather strong condition, especially when
checking the rotation/swirling behavior of moving objects:
objective measures should give the same result even under
a moving and/or rotating reference frame. In other words,
while the inputs will differ when taken from a fixed position,
an observer travelling e.g. with one of the moving objects,
or under a Euclidean motion, the final output of objective
methods must remain the same. In fact, the most challenging
part for objective rotation measures is to distinguish between
swirling around a common center and a rotating movement
of the coordinate system. Imagine the trajectories describe a
swarm of birds. Then a static observer outside the swarm should
come to the same conclusion about rotational behavior as an
observer moving with one of the birds. We consider objectivity
as a common and natural requirement for the analysis of a
rotational measure.

Given a set of trajectories, we are not only interested in a
common rotation of all trajectories but also in finding subsets
of trajectories that reveal their own rotational patterns. Given
an initial set of trajectories, we search suitable subsets of them
revealing a common rotational behavior. It is important to
mention that TRV indicates if a set of trajectories reveals a
common rotational behavior, and if so, how strong it is. It
does not give any information on the reason for the rotation
behavior. In this paper, we make the following contributions:

« We introduce a new Lagrangian measure TRV (trajectory
vorticity), which measures rotational behavior based on at
least three trajectories (in 2D) or four trajectories (in 3D),
respectively.

« We show that TRV can be derived in two independent ways:
by unsteadiness minimization approaches, or by considering
the relative spin tensor in a local best-fitting linear time-
dependent vector field.

« We prove that TRV is objective.

e We apply the new measure TRV to a number of sparse
trajectory data sets, including drifting buoys in the Atlantic,
midge tracking data, pedestrian tracking data, pigeon flocks,
and trajectories in a simulated vortex street.



I. BASIC CONCEPTS AND RELATEDWORK of the observed owintroduced by @nther et al. 14], this

created a number of follow-up work§], [18], [4], [17], [37],

, . [52). Recently, the objectivity of unsteadiness minimization
Trajectory data can stem from a wide array of sources, wi proaches has been questioned [20] but con rmed [48].

differing degrees of complexity. While we focus on curves' z aporoaches mentioned above have in common that they

in 2D or 3D space without any additional data attached [\, 4 an underlying velocity eld and its derivatives. For

it, a multitude of visualization methods exists for both hlghegur problem, where only a few trajectories are available, no

dimensional spaces as well as multivariate data attached to eﬁﬁaerlying velocity eld exists, and thus, previous approaches
sample, see for example He et @§]. In low dimensional are not applicable

spaces, a direct spatial mapping is possible through lines or

tubes, where additional properties can be encoded by mapping

them to color or width[®], [25]. The time aspect of the dataC. Hyperbolic measures for nite sets of trajectories

can be visualized in different ways. For 2D data, curves can e input is not a continuous vector eld but only a few tra-

_be fully representeq In a space-time cudé]| where time jectories, several methods exist to analyze hyperbolic behavior.
is mapped to a third dimension orthogonal to the spatighative dispersiofRD) was introduced by Provenzaleq] and
plane. An example can be seen in Figlile 3. A multitudg e analyzed by Haller and Yua4] and Haller p1]. Given
of interactions on such space-time cubes are possBjle fe o distinctC! continuousn-dimensional(n = 2; 3) tra-

including among others sl_icing to focus on an ind_ividual timfectoriesxl(t); x»(t) along with their derivatives: (t); x»(t).
frame, as well as collapsing it along the time axis. For mogg, ning the local relative dispersion

sparse data, collapsing time that way is a valid and simple
solution, see for example Figufé 5 ahd 6. When data sets
become too dense to focus on individual curves, methods such (X2 x1)T(x2 x1)’

as heat map<4[], space-time density mappin@|[ [27], or . . . . .

visibility optimization [15], [[3] may be employed. To asses$N€ get_s '_[he relative dispersion by integratird) along
the expression of multiple elds along trajectories, time activity ajectories:
curves have been used to analyze trends [81], [32].

A. Visualization of trajectory data

(X2 Xl)T ()SZ )il) . (5)

rd = rdy, (t):x, (1) (1) =

zZ., . .
{0ty _ _ iX2(tn)  Xa(tn)i.
RBGwwea = =i g ) xa(to)]

(6)

B. Objectivity Intuitively, RD observes the change of Euclidean distance of
Objectivity, a concept from continuum mechanics, refers o objects over time. Note th&D is objective R1]. Extending

the invariance of a measure under a moving reference syst®D.to more than two trajectories is straightforward.

Let s(x;t), w(x;t), T(x;t) be a time-dependent scalar eld, Haller et al. p1] introduced measures for stretching based

vector eld and tensor eld, respectively. Further, I8tx;t), on single trajectories only: thextended trajectory stretching

w(x;t), T(x;t) be their observations under the EuclideaBxponentsTSE and TSE Given is aC2 continuous trajectory

frame change x(t) fort 2 [to;tn ] with rst and second derivatives(t); x(t).
X = Q(t) B+ b(t) (1) Then a local stretching measure can be de ned as
whereQ = Q(t) is a time-dependent rotation tensor dd) is xT x

tse= tsgy(t) =

)

a time-dependent translation vector. Themw; T areobjective
if the following conditions hold, cf. Truesdell and Noll [50]:

xT x

from which the Lagrangian measurd$SE and TSE are

s(x;t) = s(x;t) (2) computed by integrating tse along the trajectory:
= AT . Z . .
AR O s = LT edr = LX) ®
T(xt)= Q T(x;t)Q: (4) ® t o, t o jx(to)]
VA
Since its introduction to ow analysisl], objectivity became a TSEvIN - 17 sd dit 1 X1 iX(ti+1)j 9
common demand for newly-introduced ow measur@§]] [5]. m =t t 19 Tt . ix(t)j ©)
i= -

In fact, there are a variety of objective ow measures focusing
on hyperbolic (stretching) properties, such as FTI43]] with t=ty to. The discretization in Eq9) samplesx(t)
Also, objective ow measures focusing on elliptic (rotationalat N + 1 time stepsto <t <:: <t y.

behavior have been introduced and can roughly be divided into

three classes: (IReplacing the spin tensor by the relative spi . . . .

tensor[9], [1]: These approaches use the fact that the rate-%)f'- Rotational measures for nite sets of trajectories
strain-tensor is objective and consider the spin tensor (vorticity)Haller et al. P1] also introduced a rotational measure that
in the local frame given by the eigenbasis of the rate-of-straid based on a single trajectory only: thrtended trajectory
tensor. (2)Replacing the spin tensor by the spin deviation tensangular velocity TRA and TRA. For de ning TRA, the n-
[23], [29], based on the fact that the difference of two spidimensional matrix function
tensors at different locations but the same time is objective. (3)

X xT
Finding optimal reference frames minimizing the unsteadiness tra = tra,h(t)= = —

xT

X
xT x (10)



can be introduced to describe the local angular velotidy.is  X3;X2;:::; Xm, and second derivatives;; X,; :::; Xm . Note that
an anti-symmetric matrix, from which one gets the followingve requirem 3 in 2D andm 4 in 3D. We introduce an
Lagrangian measures by integration along the trajectory n-dimensional anti-symmetric time-dependent matrix function

Ps Zy,
TRAR N = 1.2 tra dt (11) v =tV o x (1) (15)
x® t2 to Fr
1 1 X(to)T x(tn) that describes the strength of the rotational behavior of the
B jix(to)jjx(t,\,)j (12) trajectoriesXy;::;; Xy at the timet: the more rotational
_ 1 P35 ty - behavior the trajectories;; ::;; xm exhibit at timet, the larger
TRA;O(’:)N = 77 Jtra JFT dt (13) |S trV X135 Xm (t)-
to The trajectoriesx; may contain noise and uncertainty
1 X! 1 X(t) T x(tie1) that also in uence the computation ofv . While for some
Tt o X (t)jix(tisn )] (14) con gurations of the trajectories the computationtof is
i X X{

stable (i.e., small changes X3 result in small changes v ),

whereg, denotes the Frobenius norm of a matrix. for other con gurations we may observe instability, i.e., small
Objectivity of single trajectory methodsSingle-trajectory changes inx; may result in large changes trv . Clearly, for

measures like TSE and TRA are attractive because they negehal consideration of rotational behavior, stable information

minimal information to infer the hyperbolic or rotationalshould be preferred over unstable ones. To cope with this, we

behavior. Obviously, single-trajectory measures cannot Bgroduce a non-negative time-dependent scalar function

objective in the Euclidean observation space because one may

think of a reference system moving with the trajectory, making S= Sy, xy, (1) (16)

each trajectory zera2fl]. Because of this, Haller et al2{]

considered objectivity in an extended phase space along withthat denotes the computational stabilitytof at the timet.

approach to non-dimensionalization. Furth@i][introduced In fact, s drops to0 if trv cannot be computed locally.

the concept of quasi-objectivity: contrary to classical objectivity Based ortrv ands, we de ne the Lagrangian Trajectory

where a scalar value must be invariant under arbitrary timérticity TRV by a weighted integration dirv as

dependent Euclidian transformations, for quasi-objectivity a

condition (A) is introduced, and invariance is only demanded P 5 F\:tN strv dt

for those ful lling (A). In fact, Haller et al. 1] claimed that TRV, = - —R——F" (7
TSE and TSE are objective in the extended phase space, and R o sdt

that TRA and TRA are quasi-objective in the extended phase — toin P 5 ttN jstrv jg, dt

space under a certain condition put to the average vorticity TRViiixm = 5 R (18)
in a certain neighborhood of the trajectory. Theisel et 4] [ to S dt

showed that the claims about objectivity in the extended ph h &, denoting the Frobenius norm of a matrix. The
r .

space in 1] are incorreqt. Asa reactign, i.n an erratum Ha"eéomputation ofTRV and TRV requires a non-zero denominator
et al. 22] gave up the_ |de_a of considering extended_pha (17) and (18), i.e., the stability must not vanish everywhere.
space and non-dimensionalization. Instead, a new condition bte that a locally vanishing is not a problem as long as it
qugsi—pl?jectivity was introduced, and theorems about the_ 9U8es not vanish over the entire temporal domain. Both (17)
obpctmty of TSE and TRA were formulated. _By showing and (18) describe a weighted integrationtf , resulting in

a simple counter-example, Theisel et @J][claim that the a convex combination of thev values over time. Thus, not

corrected theorems in [22] are still incorrect. the stabilitys itself in uences the nal TRV and TRV but the
ratio of s to the average over the whole temporal domain.
Il. TRAJECTORYVORTICITY In fact, assuming a discretization of (17) similar to (14) gives

In the following, we introduce our new objective measure of B p_
rotating object behavior that is based on very few trajectori(—:ﬁqv _ 72 X Wi try . TRV = 2 X
only, Trajectory Vorticity(TRV). The input of TRV is a number 2 SR o
of (2D or 3D) trajectories. We begin with describing the main Fr (19)
idea of TRV in Sectionll-A, followed by a formal de nition with w; = ;NLS ands; = s NN it + ,\iTtN and therefore
and an algorithm for its computation in SectiosgA—II-D. =0 =
Sectionll-E collects properties of the measure, while Section W
II-F shows that the measure can be computed in an alternative w =1: (20)
way: by minimizing unsteadiness of a local vector eld. i=0

Wi j'[I‘V ijFr

o With TRV, clockwise and counterclockwise rotations cancel
A. Main idea of TRV each other out, while witTRV their norm is accumulated. We
In nD space it = 2;3), we considemn distinct C? con- offer both since the right choice is application-dependent, e.g.,
tinuous trajectoriex; = Xj(t), X2 = X2(t),..., Xm = Xn(t) based on noise sensitivity. For trajectories with homogeneous
for t 2 [to; tn]. In addition, we consider their rst derivativesrotation behavior, TRV and@RV give similar results.



In particular, we mention two special casesslfs constant which stack the positiow;, velocity x;, and acceleration;
over time (i.e.,s(t) = s> 0), Egs. (17) and (18) simplify to at a speci ¢ timet from all considered trajectories. In order to
5 VAN 1 P35 Z t a linear vector eld in the form of (23), we rst compute

Tt

— jtrv dt
2 Ve H=H@M)= XX 5 H=H{)=(X HX)X & (31)

(21) _ o o
) _ ) ) Note that form = n+1 (i.e., X is a quadratic matrix)X -~ is
which are independent . Further, iftrv is constant over the ysyal matrix inverse. Fon >n +1, X ! in (31) denotes

TRV =

0

time, then Egs. (17) and (18)psimp|ify to the right Moore-Penrose pseudo-inver¥d (XX T) ! instead
_ 2 .. of the matrix inverse. From (31), we get the best- tting velocity
TRV = TRV = > | LUAAN PP (22) eld in (23) by

i.e., TRV andTRV are independent dod(t), as well. J() a(t) _ oY) at) _
OT 0 - H(t) ’ OT 0 - H‘(t) (32)

B. De nition of trv

. - dJ - - -
To de ne the local measurtrv , we consider a best- tting with 1= . From this, strain tensdd and spin tensow

are computed by (25), and the strain tensor time derivative

spatially linear time-dependent velocity eld .
patially P y = 43 is computed as
v = VX1;:::; Xm (Xl t) = JXl;:::; Xm (t) X + a‘Xl;:::; Xm (t) (23) J_+ J_T
whereJ = Jy, . «,, (1) is a time-dependent Jacobian matrix S= —— (33)

anda = ay,.x,, (t) is a time-dependent vector. In fact, We_l_ btainE i f zation & b
searchJ(t); a(t) such that all trajectories(t);::; Xm (t) are 0 obtaink, we compute a matrix factorization y

as close as possible to pathlineswfi.e., J; a solve: Sz ESET (34)

Xn kxi(t) Vv(xi;)k?! min: (24) such thatE is the rotation vector containing the eigenvectors

of S as columns, an®& is a diagonal matrix. Having, we
@lso transformS into the local reference system given By

i=1
In fact, forn =2 andm = 3, v can be chosen such that al
trajectories are pathlines of. The same holds fon =3 and s= T SE: (35)
m = 4. To obtain an objective measure of rotation, we then
follow Drouot and Lucius 9] and Astarita ] and observe the From this, we obtain the strain rotation tensor in thdrame:

spin tensor in the frame given by the eigenvectors of the rate- 0 0 us  [us]
of-strain tensor, whlph is objective. We obtain the _rate-of-stram We= @ u, 0 [ ulA (36)
tensorS and the spin tensoV fromJ = S+ W via:
! ; [u] [u] 0]
J+J J J ;
S=— P W= ——— (25) with . B B s !
From this, we consideE = E(t) to be the rotation matrix ([uz; uz: Jus) = _ S*3:27 - 81;37 — S*2;17
containing the (normalized) eigenvectors®fs columns, and Sy2 Sszz Szz Si1a S11 Soo2
E = E(t) = 4E is its time-derivative. Removing the strain B (37
rotation rate tensow s, which contains the rotation of thewhere S;; denotes the entry dt;j ] of the matrix S, and
chosen eigenvector basis Si; denotes the entry dtj ] of the matrixS, respectively.
W.= EE': (26) (Note that in (36), (37) content in brackefs] refers to

. . additional content present in 3D but not in 2D.) Finally, the
we computetrv - as the relative spin tensdW ; [9], [1] by  pack transformation oW s into the original frame gives

trv ;o xm (t) =W, =W Ws: (27) Ws=E WS ET (38)

C. Computation ofrv from which the naltrv is computed by (27).
While Sectionll-B gives a complete de nition ofrv , it p_ pe nition and Computation o
is not feasible yet for direct computation as its formulation

i R L . The stability of the computation afv depends on the
contains a minimizer (24) and the derivative of a rotation, |, . . )
stability of the eigenvectors of the rate-of-strain tenSor

matrix (26). In this section, we provide a complete algorithrBecause the computation requires a factorizatio af (34).

to computetrv , including explicit solutions of andW's. For If small changes in the trajectories lead to small changes

this, we introduce th¢(n +1) ~ m) time-dependent matncesm the eigenvectors 0B, we can expect a stable computation

X

X = X(t)= X1 X2 1 Xm (28) of trv . Since the stability of the eigenvectors $fdepends
1 1 = 1 on the (dis-)similarity of the eigenvalues 8f we de ne the
X = X(t)= X1 X2 I Xm (29) stability functions as
0O @ O
S= SX1;ZZZ;Xm (t)
X; Xp X I = . .= = .= = .
X = XxX@= "1 72 m (30) =min(fj S1:1 Sz2); JS22  Ss:3iijSsz Suaj 9) (39)

0O O @ O



which is the minimum of the denominator(s) in H&7). Note
thatS;.1; S, ;Sz.3 are the eigenvalues @&.

We remark thatrv can only be computed XX T has full
rank, see Eq(31). If XX T has a rank de cit, thers(t) is set
to 0, making the computation dfv from Eq. (17)}+18) in
this particular time instance obsolete. This case, however,
not occur in any application presented later in the paper.

E. Properties oftrv, s, TRV

Lemma 1:W s in (26) and (38) are identical.
This lemma tells that the computation w¥ in Sectionll-B
corresponds to the de nition afv in Sectionll-A. To show
that form = n+1 (28)-(32) and (23) give a velocity eld for
which x; (t) are pathlines, we have to shawx; (t);t) = x;(t)
fori =1;::;m. Using (23), this can be reformulated as

J@® alt)  xi(t) Xi (t)
or 0

0 1 (40)

with J(t) denoting the Jacobian matrix amrdt) a spatially
constant vector, see (23). Writing this for alln a row gives

HX = X which is equivalent to (31). Further, (34)—(38) is an

equivalent formulation to (26).

Theorem 11rv ...« (t) is objective.
The formal proof of this theorem is in the supplementa
appendix.

Theorem 23y, ... . (t) is objective.
This follows directly from the fact thab is objective. Since
the diagonal entries d8, namelyS;.1, S;.2, andSs:3, are the
eigenvalues o8, cf. Eq.(34), the diagonal entries & inherit
the objectivity fromS.

From theorems 1 and 2 follows directly thaRV and TRV
are objective as well, since they are calculated friom(t)
ands(t), see Eqgs. (17)—(18).

F. An alternative de nition oftrv

where ap transforms the anti-symmetric part of a matrix
to a scalar/vectorap(M) = %(M 12 Myj) in 2D and
apM) = I(M32 Mp3; M1z Mai;Ma1 Miyp)'

in 3D. Converselysk is the inverse function transforming a
scalar/vector to an anti-symmetric matrix, here for 2D/3D:
did 01 O 1

sk()=

k@ A-@

0 A (44)

0

which is also referred to as skew-symmetric matfid][ Note
that due to the spatial linearity of, bothv; ande; are spatially
linear as well. Then, searching for an unsteadiness minimizing
observation frame rgsults in searching an unknawful lling

0

ke k? dV !
U

whereU is a certain 2D/3D neighborhood. Note that due to
the spatial linearity ofv, the problem in Eq(45) is under-
determined inu, i.e., it has a whole family of solutions.
However, all solutions of (45) have the same componant
that is, componentl; is independent of the size and location
of U. With this, we get

WS:

min (45)

sk(u1) (46)

r'I'he proof of the equivalence of (38) and (46) is a straight
gomputation for which we provide a Maple sheet in the
accompanying material. Eq46) gives thattrv can be
computed by observingV in an unsteadiness minimizing
reference frame following @nther et al. [14].

Remarks: The equivalence of unsteadiness minimization
and relative spin tensor consideration shown here does not hold
for general vector elds but only for spatially linear ones as
considered here.

Another popular approach to objectivize ow measures is
to replaceW by the spin-deviaztion tensor [23], [29]

1

7V0|(U) ! W dV:

(47)

Surprisingly,trv can also be obtained in a different way: byorv de ned in (23), this gives a perfectly objective but trivial

unsteadiness minimization followingi@ther et al. 14]. Note

solution: it is zero everywhere.

thatv de ned in (23) also has a spatially linear time-derivative

vi(x;t) = A(t) x + a(t): (41)

Ill. SELECTION OF TRAJECTORY SUBSETS
TRV computes the rotational behavior for a set of trajectories

Observingv de ned in (23) in a moving reference frameand a xed time interval. For real trajectory data sets (e.g.

R = R(t)x + c(t) gives for the time-derivative of in the
new reference frame [14]

e =R(vi Mu) (42)
. L 0 1
withM =( IXp+Vp;Jd;Xp; 1), Xp= 1 o XV=
2 Olvin2D,andM:(JX+V;J;X;I),X:
sk(x), V = sk(v) in 3D, andu is a 6-vector in 2D and

12-vector in 3D:
0O 1 O T
ui ap(R'R)
BB
T @uzA T @ap(RTR  (RTR)?)
Uy (R"e RTRRT()

(43)
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tracking of particles in a ow), considering all trajectories
simultaneously over the entire integration time usually does

not give a relevant result. Thus, strategies are needed to select

trajectory subsets and time spans in whidRV is calculated.

A. Choice of trajectories

To computeTRV and TRV for each trajectory in a data
set, a number of reference trajectories need to be selected for
each trajectory. While it would be possible to always consider
the whole trajectory set, this would only reveal macroscopic
behavior, while neglecting more localized rotations. Instead,
we compute a localRV and TRV for each available trajectory.

Given is the set of M available trajectories
fxa(t); 5 xm (t)g. For each trajectory; (t), we consider



data sets contain trajectories whose closest neighbors vary

noticeably over time. In these cases, choosing sets of curves

by their average distance over their full time range is not
0:014 the optimal approach. Similarly, the rotational behavior may
not remain constant over time, which is not visible by only
showing average values 3RV and TRV per line. To address
this problem, we implemented a variant of our method which
evaluatesTRV and TRV for each time step of a trajectory
instead. Then, trajectories are only considered within a time
range[t ;t + ], both for the distance calculation in the
neighborhood search as well as for the calculatiofRY and
TRV. The neighbors are again chosen by the distance metric in
Eq. (49), and may vary along the line. By repeating the process
for each vertex (at its respective tinhpalong the trajectory,
Fig. 1. Automatic selection ain for the CYLINDER dataset. From left to we are able to visualize the rotational behavior over time.

right, the maximum number for the nearest trajectories is increased, from

which them with highestTRV is chosenth 2 f 4;6;:::; 16g). For higher ;
m, the TRV value decreases, which is why results look the same for high C. TRV versus eld reconstruction

0:006

For each trajectory; with j 2 f 1;::;; M g, the computation
the m closest neighboring trajectoriés;, (t); :;x;,, (t)g for  Of TRV; and TRV; requires the estimation of a best- tting
which we compute TRV an@RV as local linear vector eldvj(x;t) = vy, .:x;, (X;t) see Eq.

- toitn (23). This means that for the computationT®®V and TRV, we
TRV) = TRV)( Ny, TRV = TRV (s 0 (48) need to tM different linear vector eldv;,j 2 1;::;Mg.
In order to de ne the closest neighboring trajectories, we de n@/hile these elds are considered as auxiliary elds for the
a distance metric between the trajectories, for which we ug@mputation offRV and TRV only, the question arises if we

the integrated, squardd? distance: can use them (or any other information from the trajectories
Z,, X1; 5 Xwm ) to reconstruct a global (non-linear) vector eld
d(x1(t); x2(t)) = kxa( ) xa( )k*d: (49)  The reconstruction of a smooth velocity eld from a
to number of trajectories is a standard sampling problem for

Since the trajectories are in temporal correspondence, matt@ich a variety of solutions exist. For example, Particle
general distance metrics, such as the reduced mean closresking velocimetry (PTV) approaches heavily rely on stable
point distance 33], are not necessary. We compuiRVY and reconstruction techniques fer, all of which require a certain
TRV for the m closest trajectories. density of the trajectories to allow a stable reconstruction.
User-de nedm: The rst option is to let the user selectlf this is available and a stable reconstruction is possible, it
the number of trajectoriesi. We demonstrate and discuss thés not necessary to apply single-trajectory or few-trajectory
effect of m on the nal result in Section V. Ideallyn should techniques likeTRV because for a reconstructed vector eld
be chosen such that the considered trajectories are part ofdhéhere exist a variety of approaches to analyze rotational
same rotating phenomenon. This is not easy to select, sitehavior in an objective way, see SectieB. TRV and TRV
multiple rotating phenomena might be in the data set that aee explicitly designed for cases where the available trajectories
represented with a varying number of trajectories. are so sparse that a reconstruction of a smooth underlying vector
Best in range: Another option is to test differentn  eld is not possible. This also has implications on the visual
within a range[mmin ; Mmax ] for each trajectory and to nd representationTRV is not a smooth eld but a single value
automatically them that has the strongest vortical behaviofor each trajectory (along with ite closest neighbors). In
The lower end of the rangeny, is determined by the particular, any interpolation between singI®V values is not
dimensionality, i.e.mmin = 3 (for 2D) andmpin =4 (for allowed due to the sparsity of the samples.
3D). The upper end of the range is user-de ned. Different
choices formpya, are examined in Fig. 1, where tHERV
value is mapped to color and line radius. Computationally, all IV. RESULTS

m in the range are easily tested by calculating the distances )
between trajectories once, and by incrementally adding thd the following, we apply our approach to a number of data

next closest trajectory to the columns of the matri¥esx., X sets. We begin with a synthetic example to demonstrate the

in Egs. (28)30). It would be imaginable to discard trajectoryc@Pability of our approach to separate rotating motion from
sets for which the stabilitg is close to zero over the whole'€férence frame rotation.
time span, although this has not occurred in our experiments.

B. Choice of time span A. Three trajectories

While the selection method outlined above works well when We consider a simple data set consisting of three 2D
the distance between curves remains relatively constant, samagectoriesxq(t), X2(t), x3(t) constructed in the following
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